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ABSTRACT

In this paper, closed forms of the summation formulas for generalized Fibonacci and Gaussian
generalized Fibonacci numbers are presented. Then, some previous results are recovered as
particular cases of the present results. As special cases, we give summation formulas of Fibonacci,
Lucas, Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas numbers and Gaussian Fibonacci, Gaussian
Lucas, Gaussian Pell, Gaussian Pell-Lucas, Gaussian Jacobsthal, Gaussian Jacobsthal-Lucas
numbers.
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1 INTRODUCTION

In 1965, Horadam [1] defined a generalization of Fibonacci sequence, that is, he defined a second-
order linear recurrence sequence {W,, (Wo, Wi;r, s)}, or simply {W,}, as follows:

Wo =1Who1 + sWihoo; Wo=a, Wi =0, (n>2) (1.1)

where Wy, W1 are arbitrary complex numbers and r, s are real numbers, see also Horadam [2], [3]
and [4]. Now these generalized Fibonacci numbers {W, (a, b;r, s)} are also called Horadam numbers.
The sequence {W,, },.>0 can be extended to negative subscripts by defining

T 1
W_pn=—-W_(n_ ~“W_(n—
V-t T Won-2)
forn =1,2,3, ... when s # 0. Therefore, recurrence (1.1) holds for all integer n.

For some specific values of a,b,r and s, it is worth presenting these special Horadam numbers in a
table as a specific name. In literature, for example, the following names and notations (see Table 1)
are used for the special cases of r, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences.

Name of sequence Notation: W, (a, b;r, s) No in oeis.org: [5]
Fibonacci F, =W,(0,1;1,1) A000045
Lucas L, =Wn(2,1;1,1) A000032
Pell P, =W,(0,1;2,1) A000129
Pell-Lucas Qn =Wa(2,2;2,1) A002203
Jacobsthal = Wn(0,1;1,2) A001045
Jacobsthal-Lucas Jn = Wha(2,1;1,2) A014551

A Gaussian integer z is a complex number whose real and imaginary parts are both integers, i.e.,
z=a+1b, a,b € Z. If we use together sequences of integers defined recursively and Gaussian type
integers, we obtain a new sequences of complex numbers such as Gaussian Fibonacci, Gaussian
Lucas, Gaussian Pell, Gaussian Pell-Lucas and Gaussian Jacobsthal numbers; Gaussian Padovan
and Gaussian Pell-Padovan numbers; Gaussian Tribonacci numbers.

Gaussian generalized Fibonacci (Horadam) numbers {GW,, } >0 = {GW,.(GWo, GW1;7, )} >0 are

defined by
GW,, =rGWp_1 + sGW,, _» (1 2)

with the initial conditions

GWqy = Wy + (_EGWO + éGWO’L‘, GW1 =Wy 4+ Wot

not all being zero. The sequences {GW, }..>0 can be extended to negative subscripts by defining

GW—n = —gwa(nfl) + éwa(n72) - —EGW—n-O-l + EGW—n-&-Q

forn = 1,2, 3, .... Therefore, recurrence (1.2) holds for all integer n. Note that for n > 0
GW,, =W, +iW,_1
and
GW_, =W_, +iW_,_1.

For some specific values of Wy, W1, r and s, it is worth presenting these special Gaussian Horadam
numbers in a table as a specific name. In literature, for example, the following names and notations
(see Table 2) are used for the special cases of r, s and initial values.
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Table 2. A few special case of generalized Gaussian Fibonacci sequences.

Name of sequence Notation: GW,,(GWy, GW1;7,s)
Gaussian Fibonacci GF, = GW,(1,1;1,1)
Gaussian Lucas GLy, =GWp(2—1,1+2i;1,1)
Gaussian Pell GP, = GWx(i,1;2,1)
Gaussian Pell-Lucas GQn = GW,(2 —24,2+2i;2,1)
Gaussian Jacobsthal GJn = GWn(3i,1;1,2)
Gaussian Jacobsthal-Lucas Gjn = GW,(2 — %i, 1+ 2i;1,2)

In this work, we investigate summation formulas of generalized Fibonacci and Gaussian generalized
Fibonacci numbers. Some summing formulas of the Pell and Pell-Lucas numbers are well known and
given in [6], [7], see also [8]. For linear sums of Fibonacci, Tribonacci, Tetranacci, Pentanacci and
Hexanacci numbers, see [9], [10], [11], [12],[13], and [14] respectively.

2 SUMMING FORMULAS OF GENERALIZED FIBONACCI
NUMBERS WITH POSITIVE SUBSCRIPTS

The following Theorem presents some linear summing formulas of generalized Fibonacci numbers
with positive subscripts.

Theorem 2.1. Forn > 0 we have the following formulas:
(a) (Sum of the generalized Fibonacci numbers) If r + s — 1 # 0, then

iw . Wn+2+(1*7')Wn+17W1+(7”71)W()
— b= r+s—1 '

(b) If(r —s+1)(r+s—1)#0 then

z": Wor — (1 — 8)Wapnio + 178Wani1 + (s — 1)Wa — rsW1 + (1% — 5% 4+ 25 — 1) W
Pt k= (r—=s+1)(r+s-1)

and

i W _ rWanyo + (S — 82)W2n+1 —rWs + (7“2 + s — 1)W1
Pt 2kt (r—s+1)(r+s—1) '

n I{,n 1‘, I‘r
§ l[2k_ 9

k=0
and

r

n
Z Wkt = Want2 — Wa +rW1 .
k=0

Note that (c) is a special case of (b).

Proof.

(a) Using the recurrence relation
n =1TWn_1+ sWnh_o
i.e.
SWn—Q = Wn - TWn—l
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we obtain
SWO W2 — ’I"W1
8W1 = W3 — TWQ
SWQ W4 — TW3
SWn_Q Wn - TWn—l
sWno1 = vvﬁ+l'_rvvﬁ
sWn = M&Hﬂ'_rw%+1

If we add the above equations by side by, we get

iW — Wn+2+(1—T)Wn+1 —W1+(T—1)Wo
P F r+s—1 )

(b) and (c¢) Using the recurrence relation
Whn =1Who1+sWn_o

i.e.
ranl = Wn - SWn72
we obtain
7"W3 = W4 - SWQ
Wy = Wes—sWy
W, = Ws—sWs
Wanp1 = Wangpo — sWay.
Wanyzs = Wangpa — sWanyo

Now, if we add the above equations by side by, we get
r(—=Wi+ > Wakg1) = (Wanso — Wa — Wo + 3 Wa) — s(—=Wo+ > War)).  (2.1)
k=0 k=0 k=0
Similarly, using the recurrence relation
Wn = TWn—l + SWn—Q
i.e.
TWho1 =Wy —sWy_2
we write the following obvious equations;

rWa
Wy
rWe
rWs

rWan
7”W2n+2

W3 — sW;
Ws — sWs
Wr — sWs
Wy — sWr

Want1 — sWap—1
Wants — sWant1.
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Now, if we add the above equations by side by, we obtain

r(=Wo + Z War) = (=W1 + Z Wakt1) — s(=Wany1 + Z Wak11))- (2.2)
k=0 k=0 k=0

Then, solving the system (2.1)-(2.2), the required results of (b) and (c) follow.

Taking r = s = 1 in Theorem 2.1 (a) and (b), we obtain the following Proposition.

Proposition 2.1. Ifr = s = 1 then forn > 0 we have the following formulas:

(a) ZZ:O Wi = Wihyo — Wi

(b) > %o War = Wany1 — Wi + Wo.

(©) > r_o Wart1 = Wanyo — Wa+ Wi

From the above Proposition, we have the following Corollary which gives linear sum formulas of
Fibonacci numbers (take W,, = F,, with F; =0, F} = 1).

Corollary 2.2. Forn > 0, Fibonacci numbers have the following properties:

(a) ZZ:O Frp=Foi2—1.

(b) > For = Fong1 — 1.

(©) > i o Fort1 = Fangoa.

Taking W,, = L,, with Lo = 2, L1 = 1 in the last Proposition, we have the following Corollary which
presents linear sum formulas of Lucas numbers.

Corollary 2.3. Forn > 0, Lucas numbers have the following properties:

(a) ZZ:O Ly = Ln+2 — 1.

(b) > Lok = Lant1 + 1.

(©) > h_oLokt1 Lantz — 2.

Taking r = 2,s = 1 in Theorem 2.1 (a) and (b), we obtain the following Proposition.

Proposition 2.2. Ifr =2,s =t = 1 then forn > 0 we have the following formulas:

(@ > Wi = %(Wn+2 — Why1 — Wi + Wo).

(b) > o Wa = %(W2n+l — Wy 4+ 2W0h).

(C) EZ:O W2k+1 = %(W2n+2 —Wa+ 2W1)

From the last Proposition, we have the following Corollary which gives linear sum formulas of Pell
numbers (take W,, = P,, with P, =0, P, = 1).

Corollary 2.4. Forn > 0, Pell numbers have the following properties:

@ iy Pr = 3(Pas2— Pos1 — 1).

(b) >p_o Por = 5(Pont1 —1).

(€) >r_o Port1 = 3 Pongoa.

Taking W,, = Q» with Qo = 2,Q1 = 2 in the last Proposition, we have the following Corollary which
presents linear sum formulas of Pell-Lucas numbers.

Corollary 2.5. Forn > 0, Pell-Lucas numbers have the following properties:

(a) ZZ:O Qk = %(Qn+2 - Qn+1).
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(b) ZZ:O Q% = %(Q2n+l + 2)'

(€) YioQakr1 = 5(Q2ny2 —2).

lfr=1,s=2then (r—s+1)(r+s—1) = 0so we can’t use Theorem 2.1 (b). In other words, the
method of the proof Theorem 2.1 (b) can’t be used to find "7, War and 37, War41. Therefore we
need another method to find them which is given in the following Theorem.

Theorem 2.6. Ifr = 1,s = 2 then for n > 0 we have the following formulas:

(@) Yp_o Wik = 5(Wnia — W),

(b) > i Wak = é(2W2n+2 — 2Wanq1 — Wo + (—W1 + 2Wo)n).

(©) > i Wakt1 = %(_W2n+2 + 10Wap41 — 3Wh + 2Wo + (2W1 — 4Wo) n).

Proof.
(a) Takingr =1,s =2 in Theorem 2.1 (a) we obtain (a).
(b) and (c) (b) and (c) can be proved by mathematical induction.

From the last Theorem we have the following Corollary which gives linear sum formulas of Jacobsthal
numbers (take W,, = J,, with Jo =0, J1 = 1).

Corollary 2.7. Forn > 0, Jacobsthal numbers have the following property:

@ >r_oJk = 3(Jny2—1).

(b) Yr_oJok = 5(2J2n12 — 2J2nt1 — n).

(©) >r_o Jokt1 = g(—Jant2 + 10J2n11 — 3+ 2n).

Taking W,, = j, with jo = 2,51 = 1 in the last Theorem, we have the following Corollary which
presents linear sum formulas of Jacobsthal-Lucas numbers.

Corollary 2.8. Forn > 0, Jacobsthal-Lucas numbers have the following property:
@ >i_odk = 5(jnt+2 — 1)

(b) > _odor = %(2j2n+2 — 2jon+1 — 2+ 3n).

(€©) Yi_odort1 = g(—jon+2 + 10j2n41 + 1 —6n).

3 SUMMING FORMULAS OF GENERALIZED FIBONACCI
NUMBERS WITH NEGATIVE SUBSCRIPTS

The following Theorem presents some linear summing formulas of generalized Fibonacci numbers
with negative subscripts.

Theorem 3.1. Forn > 1 we have the following formulas:

(a) (Sum of the generalized Fibonacci numbers with negative indices) If r + s — 1 # 0, then

Zn: W ZrEOWonoy = sWonoo + Wi+ (1 = r)Wo
= rts—1 :
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(b) If(r—s+1)(r+s—1)#0 then

zn:w (5= D)W_on —rsW_ o1 + W1 + (1 — s — )W
= r—s+D (s

and

zn: W  —rWeoan 4 (87 — 8)Weoon_1 + (1 — s)W1 + rsWp
e (r—s+1)(rts—1) ‘

(¢) Ifr 2#0As=1then

1
ZW72I€ = ;(_W—Qn—l + W1 —rWo)
k=1

and
= 1
Z W_ok41 = ;(_W—Qn + Wo).
k=1

Note that (c) is a special case of (b).

Proof.

(a) Using the recurrence relation
W7n+2 - ern+1 + 3W7n

l.e.
sW_p =W_pyo —rW_pi1
or
Won = S Woniz = SWonia
we obtain
sW_p = W_opya —rW_pi1
sW_nt1 = W_ongs —rW_pio
SW_nte = W_pnia—rW_pnis
sW_3 = W_1—rW_so
sW_o = Woy—rW_1
sW_1 = Wi —rW.

If we add the above equations by side by, we get

iw (A —r =)W 1 —(r+s)W_pno—sW_ 3+ Wi+ (1—-1)W
Pt = r+s—1 ’

(b) and (c) Using the recurrence relation

W_pgo =rW_pi1 +sW_,

TW_nit1 = W_piyo —sW_,
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we obtain
TW—2n+1 = W—2n+2 - SW—Qn
W_onts = W_onia—sW_any2
TW_onts = W_anie—sW_2nia
rW_os = W_4—sW_g
TWL3 = MAQ‘*SMAA
TMLJ = M@<—SMAJ.

If we add the above equations by side by, we get
r Z W_okgy1 = (—W_an + Wo + Z W_ak) — S(Z W_ak).
k=1 k=1 k=1
Similarly, using the recurrence relation

W7n+2 = TW7n+1 + 3W7n

i.e.
TW—Zn = W—2n+1 - 5W—2n—1
we obtain
™W_2n = W_ony1 —sW_on_1
T™W_onto = Wi_onysz —sW_oni
™W_onta = W_onis —sW_onys
TWLA = M&4-—5Mﬂ¢
TWCQ = MAJ'—SMAQ‘

If we add the above equations by side by, we get
T Z W_o, = (Z W_okt1) —s(W_opn_1 — W_1 + Z W_ok+1)-
k=1 k=1 k=1
Since
r 1
W_1 = (—g x Wo + gWI)

it follows that

n n 1 n
TZW&}C = (Z W_oks1) — s(W_2n—1 — (—g x Wo + gwl) + ZW721C+1)-

k=1 k=1 k=1
Then, solving system (3.1)-(3.2) the required result of (b) and (c) follow.
Taking » = s = 1 in Theorem 3.1 (a) and (b), we obtain the following Proposition.
Proposition 3.1. Ifr = s = 1 then forn > 1 we have the following formulas:
(a) Ezzl W_p= 2W__1 —W_p_2+Wi.
(b) >r_  Woop = —W_on_1 + W1 — Wo.

(3.2)
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() >or i Weoopy1 = —W_g, + Wo.

From the above Proposition, we have the following Corollary which gives linear sum formulas of
Fibonacci numbers (take W,, = F,, with F, = 0, F; = 1).

Corollary 3.2. Forn > 1, Fibonacci numbers have the following properties.

(a) ZZ:l F .=-2F , 1—F_, o+1.

(b) > For=—F o, 1+1

() > r_ i Fopr1=—F_on.

Taking W,, = L,, with Lo = 2, L, = 1 in the last Proposition, we have the following Corollary which
presents linear sum formulas of Lucas numbers.

Corollary 3.3. Forn > 1, Lucas numbers have the following properties.

(a) EZ:l L y=-2L_, 1 —L_p_o+1.

(b) Sp_ Lok = —L_gu_1— 1.

(€) >h_iLookt1=—Loon+2.

Taking »r = 2,s = 1 in Theorem 3.1 (a) and (b), we obtain the following Proposition.

Proposition 3.2. Ifr =2, s =1 then forn > 1 we have the following formulas:

@ > W= %(—3W_n_1 —W_pn_2+ W1 — Wo).

(b) 22:1 W72k = %(_W—Qn—l + Wl — 2W0)

(€) Yhos Wezkir = 5(=Wozn + Wo).

From the last Proposition, we have the following Corollary which gives linear sum formulas of Pell
numbers (take W,, = P,, with P, = 0, P, = 1).

Corollary 3.4. Forn > 1, Pell numbers have the following properties.

(a) ZZ:I P = %(—3P7n71 — P, o+ 1).

(b) Yy Pook = 5(—Poan—1+1).

(€) >or_ i Pookyr1=— %P72n~

Taking W,, = Q,, with Qo = 2,Q1 = 2 in the last Proposition, we have the following Corollary which
presents linear sum formulas of Pell-Lucas numbers.

Corollary 3.5. Forn > 1, Pell-Lucas numbers have the following properties.

@ > Q-1 = 3(-3Q-n-1— Q-n-2).

(b) >h_, Q-2k = 5(~Q-20-1—2).

(©) >r i Q-2kt1 = 3(—Q-2n +2).

lfr=1,s=2then (r—s+1)(r+s—1) = 0so we can’t use Theorem 3.1 (b). In other words, the
method of the proof Theorem 3.1 (b) can’t be used to find "7, War and >-7_, Wary1. Therefore we
need another method to find them which is given in the following Theorem.

Theorem 3.6. Ifr =0,s = 2,t =1 then forn > 1 we have the following formulas:

@ >p_ Wop=3(=3W_pn_1 —2W_p,_o+ W1).

(b) 22:1 W_ok = %(*213W_n_1 —214W_,,_o + (73W1 + 7OW()) -+ (*174W1 -+ 340Wo)n).
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(©) Sr Weoki1 = 5o (—213W_ 1 — 214W_ 5 + (T3W1 + TOWo) + (—172Wo + 82W1)n).

256

Proof.
(a) Takingr =1,s =2 in Theorem 3.1 (a) we obtain (a).
(b) and (¢) (b) and (c) can be proved by mathematical induction.
From the last Theorem, we have the following Corollary which gives sum formula of Jacobsthal
numbers (take W,, = J,, with Jo =0, J; = 1).
Corollary 3.7. Forn > 1, Jacobsthal numbers have the following property:
@ iy ok =3(=3Tn1 = 2] 2+ 1)
(b) Yr_ ) Jook = 555(—213J_p_1 — 214J o + 73 — 174n).
(€) >op_iJ-okt1 = 55(—213J_p1 —214J_p_o + 73 + 82n).
Taking W,, = j, with jo = 2,71 = 1 in the last Proposition, we have the following Corollary which
presents sum formulas of Jacobsthal-Lucas numbers.
Corollary 3.8. Forn > 1, Jacobsthal-Lucas numbers have the following property:
@ > ik =5(=3j-n-1—2jn2+1)
(b) >7_ i j—2k = 515 (—213j_n_1 — 214j_,_2 + 213 4 506n).
(€) >op i j—2kt+1 = 555(—213j_n_1 — 2145_n_5 + 213 — 262n).

4 SUMMING FORMULAS OF GAUSSIAN GENERALIZED
FIBONACCI NUMBERS WITH POSITIVE SUBSCRIPTS

The following Theorem presents some linear summing formulas of Gaussian generalized Fibonacci
numbers with positive subscripts.

Theorem 4.1. Forn > 0 we have the following formulas:
(@) (Sum of the generalized Gaussian Fibonacci numbers) If r + s — 1 # 0, then

- GWiia + (1 - T)GWn+1 - GW1 + (7‘ - 1)GW0
> GWy = :
P r+s—1

(b) If(r—s+1)(r+s—1)#0then

i W — (L= 8)GWansz +15GWanp1 + (s = 1)GWa —rsGWi + (r? —s* +2s — 1)GWo
= k= (r—=s+1)(r+s-1)

and
i GW. _ rGWapy2 + (s— SQ)GW2n+1 —rGWs + (,’,2 +s—1)GW,
2k+1 = r—st)rds—1) .

k=0
(¢) Ifr£0As=1then

n

Z CWap = GWant1 — C;W1 +rGWy

k=0
and

- GWanga — GWy + rGW.
ZGW2k+1 _ 2n+2 . 2 T 1.
k=0

Note that (c) is a special case of (b).

10
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Proof. The proof can be given exactly as in the proof of Theorem 2.1.

Taking r = s = 1 in Theorem 4.1 (a) and (b), we obtain the following Proposition.
Proposition 4.1. Ifr = s =1 then forn > 0 we have the following formulas:

(a) ZZ:O GWy, = GWyya — GWh.

(b) > o GWar = GWany1 — GW1 + GWo.

(c) ZZ:O GWakt1 = GWapyo — GWo + GWi.

From the above Proposition, we have the following Corollary which gives linear sum formulas of
Gaussian Fibonacci numbers (take GW,, = GF,, with GFy, = i,GF; = 1).

Corollary 4.2. Forn > 0, Gaussian Fibonacci numbers have the following properties:
(a) ZZ:O GF, = GFn+2 — 1.

(b) > o GFor =GFoni1—(1—1).

(C) EZ:O GF2k+1 = GanJrQ — 1.

Taking GW,, = GL,, with GLo = 2 — i,GLy = 1 + 2i in the last Proposition, we have the following
Corollary which presents linear sum formulas of Gaussian Lucas numbers.

Corollary 4.3. Forn > 0, Gaussian Lucas numbers have the following properties:
(@ Xh_oGLk = GLni2 — (1 +2i).

(b) > %o GL2k = GL2nt1 + (1 — 3d).

(©) > i oGLokt1 = GLanya + (=2 +1).

Taking r = 2,s = 1 in Theorem 4.1 (a) and (b), we obtain the following Proposition.

Proposition 4.2. Ifr =2,s =t =1 then forn > 0 we have the following formulas:

(a) ZZ:O GWy = %(GWn+2 — GWn+1 — GWy + GW())

(b) Yo GWay = 5(GWany1 — GWi + 2GWy).

(C) ZZ:O GW2k+1 = %(GW27L+2 — GWo + 2GW1).

From the last Proposition, we have the following Corollary which gives linear sum formulas of Gaussian
Pell numbers (take GW,, = GP,, with GPy = i, GP; = 1).

Corollary 4.4. Forn > 0, Gaussian Pell numbers have the following properties:

@ > _oGPr=2(GPuy2 — GPay1 — (1 —1)).

(b) Yi_ o GPak = £(GPany1 — (1 — 2i)).

(C) ZZ:O GP2k+1 = %(GP2n+2 — Z)

Taking GW,, = GQ., with GQo = 2 — 2i, GQ1 = 2 + 2i in the last Proposition, we have the following
Corollary which presents linear sum formulas of Gaussian Pell-Lucas numbers.

Corollary 4.5. Forn > 0, Gaussian Pell-Lucas numbers have the following properties:

(a) ZZ:() GQr = %(GQTLJ& - GQny1 — 4i)'

(b) =% o GQar = 5(GQ2nt1 + (2 = 6i)).

(€) Xh_oGQart1 = 5(GQa2nt2 — (2 — 20)).

11
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lfr=1,s=2then (r—s+1)(r+s—1) = 0so we can’t use Theorem 4.1 (b). In other words, the
method of the proof Theorem 4.1 (b) can’t be used to find 3}/ _ ) GWa,, and 3} GWar41. Therefore
we need another method to find them which is given in the following Theorem.

Theorem 4.6. Ifr = 1,s = 2 then forn > 0 we have the following formulas:

(a) ZZ:O GWy = %(GWn+2 — GWl)

(b) S7_o GWar = 2(2GWant2 — 2GWapni1 — GWo + (—GW1 + 2GWo)n).

(c) ZZ:O GWagy1 = é(*GW2n+2 + 10GWap41 — 3GW1 4+ 2GWy + (2GW1 — 4GWo) n).

Proof.

(a) Taking r =1,s =2 in Theorem 4.1 (a) we obtain (a).

(b) and (c¢) (b) and (c) can be proved by mathematical induction.

From the last Theorem we have the following Corollary which gives linear sum formulas of Gaussian
Jacobsthal numbers (take GW,, = GJ,, with GJo = 1i,GJ1 = 1).

Corollary 4.7. Forn > 0, Gaussian Jacobsthal numbers have the following property:

@ Yr_ oGk = 5(GJngz — 1).

(b) Yh o GJok = 2(2GJant2 — 2GJany1 — 3i— (1 —i)n).

(©) Yr_oGlaks1 = 2(—=GJantz + 10G Jany1 + (=3 4 1) + (2 — 2i)n).

Taking GW,, = Gj, with Gjo = 2 — %z’,Gjl = 1+ 2 in the last Theorem, we have the following
Corollary which presents linear sum formulas of Gaussian Jacobsthal-Lucas numbers.

Corollary 4.8. Forn > 0, Gaussian Jacobsthal-Lucas numbers have the following property:

(@) Yi_oGix = H(Gjnsz — (1+20)).

(b) Yi_, Gizk = 2 (2Gjans2 — 2Gjans1 — (2 — 2i) + (3 — 3i)n).

(€) >r_oGiak+1 = §(—Gianta + 10Gjant1 + (1 — Ti) + (—6 + 6i)n).

5 SUMMING FORMULAS OF GAUSSIAN GENERALIZED
FIBONACCI NUMBERS WITH NEGATIVE SUBSCRIPTS

The following Theorem presents some linear summing formulas of Gaussian generalized Fibonacci
numbers with negative subscripts.

Theorem 5.1. Forn > 1 we have the following formulas:
(a) (Sum of the generalized Gaussian Fibonacci numbers with negative indices) If r+s—1 # 0, then

i GW_. = —(r+s8)GW_p1 — sGW_p_o + GW1 + (1 — r)GW)
k=1 e r+s—1 :

(b) If(r—s+1)(r+s—1)#0 then

Z”:GW _ (s = D)GWosn = 1sGWoon1 +rGW1 + (1 — s — r*)GWy
pot -2k (r—s+1)(r+s-1)

and
Z": aw  —rGW_op + (5% — 8)GW_2n—1 + (1 — 8)GW1 + rsGW,
—2hAL (r—s+1)(r+s—-1) '

k=1

12
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(¢) Ifr 2#0As=1then

n

S GWop = %(—Gw_zn_l +GWi — rGWo)
k=1
and

= 1
ZGW72I€+1 = ;(—GW&n + GWo).
k=1
Note that (c) is a special case of (b).

Proof. The proof can be given exactly as in the proof of Theorem 3.1.

Taking r = s = 1 in Theorem 5.1 (a) and (b), we obtain the following Proposition.

Proposition 5.1. Ifr = s =1 then forn > 1 we have the following formulas:

(a) ZZ:I GW_p = -2GW_,_1 — GW_,,_o + GWj.

(b) > GW_ok = —GW_gn_1 + GW1 — GW.

(c) ZZ:l GW_sp41 = —GW_a, + GWp.

From the above Proposition, we have the following Corollary which gives linear sum formulas of
Gaussian Fibonacci numbers (take GW,, = GF,, with GFy, = i,GFy = 1).

Corollary 5.2. Forn > 1, Gaussian Fibonacci numbers have the following properties.

@ >, GF_y=-2GF_,_1—GF_p_2+1.

(b) > GF o =—-GF 3, 1+1—i.

(C) ZZ:I GF72k+1 = —GF_9, +1.

Taking GW,, = GL,, with GLo = 2 — i,GL1 = 1 4 2i in the last Proposition, we have the following
Corollary which presents linear sum formulas of Gaussian Lucas numbers.

Corollary 5.3. Forn > 1, Gaussian Lucas numbers have the following properties.

(@ i GL-x = —2GL—p—1 — GL_pn-2 + (1 +2i).

(b) >p_) GLa; = —GL_30—1 + (—1+3i).

(€) >p_ GL gki1 =—GL _2n + (2 —1).

Taking r = 2,s = 1 in Theorem 5.1 (a) and (b), we obtain the following Proposition.

Proposition 5.2. Ifr =2, s =1 then forn > 1 we have the following formulas:
(@ > GW_ = %(fBGW,n,I — GW_pn_2 + GW1 — GWyp).

(b) 22:1 GW_z, = %(_GW—Qn—l + GWy — 2GWy).

(c) EZ:l GW_gk+1 = %(_GW—Z’!L + GW())

From the last Proposition, we have the following Corollary which gives linear sum formulas of Gaussian
Pell numbers (take GW,, = GP,, with GPy, = i,GP; = 1).

Corollary 5.4. Forn > 1, Gaussian Pell numbers have the following properties.
(@ > GP_y=1(-3GP_n_1 — GP_,_2+1).

(b) 22:1 GP_a, = %(_GP—Qn—l +1).

(€) Yh_ GP_gry1 = —1GP .

13
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Taking GW,, = GQ., with GQo = 2 — 2i, GQ1 = 2 + 2i in the last Proposition, we have the following
Corollary which presents linear sum formulas of Gaussian Pell-Lucas numbers.

Corollary 5.5. Forn > 1, Gaussian Pell-Lucas numbers have the following properties.

@ X4 GQ-r = 5(-3GQ-n-1 — GQ-n—2 +4i).

(b) >r_, GQ 2k = :(—GQ 201 — (2 — 6i)).

(©) Y GQo2k1 = 2(—GQ_2n + (2 — 20)).

lfr=1,s=2then (r—s+1)(r+s—1) = 0so we can’t use Theorem 5.1 (b). In other words, the

method of the proof Theorem 5.1 (b) can’t be used to find ' _ ) GWay, and 3~} _ ) GWoar41. Therefore
we need another method to find them which is given in the following Theorem.

Theorem 5.6. Ifr =0,s = 2,t = 1 then forn > 1 we have the following formulas:

(a) ZZ:I GW_, = %(—3GW77171 —2GW_ o + GW1)

(b) Y GW_gk = 55 (—213GW_p, 1 —214GW_p, 2+ (T3GW1+T0GWo)+(—17T4GW14340GWo)n).

(C) 22:1 GW_2k+1 = ﬁ(—213GW_n_1 — 214GW_,—o + (73GW1 + 70GWO) —+ (—172GWO —+
82GW1)n).

Proof.

(a) Takingr =1,s=2in Theorem 5.1 (a) we obtain (a).

(b) and (c¢) (b) and (c) can be proved by mathematical induction.

From the last Theorem, we have the following Corollary which gives sum formula of Gaussian Jacobsthal

numbers (take GW,, = GJ, with GJo = 1i,GJ1 = 1).

Corollary 5.7. Forn > 1, Gaussian Jacobsthal numbers have the following property:

(a) ZZ:I GJ_, = %(—3GJ77171 —2GJ_p_2 + 1).

(b) Y7 GJok = 535(—213GJ_n—1 — 214G J_p_5 + (73 + 354) + (=174 + 170i)n).

(€) >op i GJookt1 = 555(—213GJ 1 — 214G J__2 + (73 + 35i) + (82 — 861i)n).

Taking GW,, = Gj, with Gjo = 2 — %z‘,Gjl = 1+ 2: in the last Proposition, we have the following

Corollary which presents sum formulas of Gaussian Jacobsthal-Lucas numbers.

Corollary 5.8. Forn > 1, Gaussian Jacobsthal-Lucas numbers have the following property:

@ >4 Gir = 5(=3Gj—n-1 = 2Gj-n—2+ (1 +20)).

(b) > Gjar = ﬁ(—213Gj_n_1 —214Gj_p—2 + (213 + 1113) + (506 — 518i)n).

() >r 1 Gjory1= ﬁ(—ZlB»Gj,n,l —214Gj_n—2 + (213 4+ 1113) + (—262 4 250¢)n).

6 CONCLUSION identity for the special cases of the generalized
Fibonacci Gaussiann generalized Fibonacci
In this work, a number of linear and a few sequences such as Fibonacci-Lucas sequence
non-linear sum identities were discovered and and Gaussian Fibonacci-Lucas sequence.
proved. The method used in this paper
can be used for the other linear recurrence All the listed identites may be proved by
sequences, too. We have written linear sum induction, but that method of proof gives no
identities in terms of the generalized Fibonacci clue about their discovery. We give the proofs
sequence, and then we have presented the to indicate how these identities, in general,
formulas as special cases the corresponding Were discovered. Recently, there have been
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so many studies of the sequences of numbers
in the literature and the sequences of numbers
were widely used in many research areas,
such as architecture, nature, art, physics and
engineering. See, for example, the articles [15],
[16].

Our next publication will be about summation
formulas for generalized Tribonacci and Gaussian
generalized Tribonacci numbers using similar
methods of this paper. Also we plan to investigate
summation formulas for generalized Tetranacci,
Gaussian generalized Tetranacci numbers
and for generalized Pentanacci, Gaussian
generalized Pentanacci numbers.
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